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A CHARACTERIZATION OF NONCHAOTIC CONTINUOUS MAPS
OF THE INTERVAL STABLE UNDER SMALL PERTURBATIONS

D. PREISS AND J. SMITAL

ABSTRACT. Recent results of the second author show that every continuous map
of the interval to itself either has every trajectory approximable by cycles (some-
times this is possible even in the case when the trajectory is not asymptotically
periodic) or is é-chaotic for some ¢ > 0. In certain cases, the first property
is stable under small perturbations. This means that a perturbed map can be
chaotic but the chaos must be small whenever the perturbation is small. In other
words, there are nonchaotic maps without “chaos explosions”. In the paper we
give a characterization of these maps along with some consequences. Using
the main result it is possible to prove that generically the nonchaotic maps are
stable.

1. INTRODUCTION

Let #(I,I) denote the class of continuous maps I — I, where I is a
compact real interval. The trajectory of x € I with respect to f is the sequence
{f"(x)}re, where f" denotes the nth iterate of f; the w-limit set of this
trajectory is denoted by w f(x) . By Per(f) we denote the set of periodic points
of f; the period of a point is always its smallest positive period. The metric in
&(I,1) is the uniform one and will be denoted using || - || .

Asymptotic properties of trajectories have been intensively considered since
the middle of the sixties when excellent papers by A. N. Sarkovskii appeared.
The main reason is applicability of these results in mathematical modelling.
Important are maps with trajectories having regular asymptotical behavior, like
asymptotical periodicity. However, this property can be easily destroyed by ar-
bitrarily small perturbations of the maps and the corresponding unstable models.
In connection with this there appeared some results guaranteeing the stability.
In [15] it is shown that every map f having no periodic orbits of period dif-
ferent from 1,2, ...,2", for some n, with Per(f) nowhere dense, is stable.
This result was generalized [16] to the maps f with Per(f) nowhere dense,
which have all trajectories asymptotically periodic. These maps can have cycles
of period 2" for every n, but no other cycles, and are characterized e.g. by the
property that Per(f) is closed [12] (cf. also [10]).
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In [14 and 7] the following classification of mappings is given, generalizing
results from [8): Every f € &(I,I) has exactly one of the following properties:

A. Every trajectory of f is approximable by cycles. In other words, for any
x and any ¢ > 0 there is p € Per(f) such that

(1.1) ligggplf"(x)—f"(p)l<8-

In application, such trajectories are not distinguishable from asymptotically pe-
riodic ones.

B. For some ¢ > 0, f has a nonempty perfect &¢-scrambled set S, i.e., such
a set that forany x,y €S, x #y, and any p € Per(f),

(1.2) liﬂgplf"(x)—f“(y)l>8,
(1.3) 1igglf|f(x)-f"(Y)l=0,
(1.4) liﬂgplf"(x)—f”(p)l >e.

Every map having property B, is called e-chaotic. It turns out that the e-
chaoticity is a weaker property than positive topological entropy (which is some-
times considered as the criterium of chaos). Actually, for any f € &(I,I) with
zero topological entropy (denoted by A(f) = 0) each of the following, mutually
excluding types of behavior, is possible [14]:

1. Every trajectory of f is asymptotically periodic (or equivalently, for any
x, w(x) is a cycle).

2. There is some x with @ 7(X) infinite, but f is not chaotic.

3. f is e-chaotic for some ¢ > 0.

In this paper we give a full characterization of the nonchaotic maps (i.e.,
maps of the first two types) that are stable under small perturbations in the
sense that the perturbed map can be chaotic but the chaos must be small. (In
other words, no “chaos explosions” are possible for such maps; Theorem 2.2
below). As a consequence, we obtain another useful result. It turns out that the
stability is a generic property of nonchaotic maps (Remark 2.9 below).

The paper is organized as follows. The Main Result with some consequences
and remarks are in §2. Next §3 contains some preliminary results. Nevertheless,
Lemma 3.7 and the ideas surrounding it have particular relevance beyond the
proof of Theorem 2.2 which is given in §4.

2. MAIN RESULTS

We begin with

2.1 Definition. A nonchaotic map f € #(I,1) is called stable if for any ¢ > 0,
any g € ¥(I,I) sufficiently near to f (relative to the uniform metric) has every
trajectory e-approximable by cycles (i.e., if for any x thereisa p € Per(g) such
that (1.1) is true for f replaced by g).
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2.2 Theorem. A nonchaotic map f € €(1,I) is stable if and only if the following
two conditions are satisfied:

(i) Per(f) is nowhere dense (or, equivalently, Per(f) is a first category set,
or even, Per(f) contains no interval);
(ii) for any infinite w-limit set wf(x) and any positive integer n there is a
system 5, = {I,'; ;1 < i <2"} of periodic intervals such that
(e o]

(2.1) w,(x)= (UJ,,) .

n=1

2.3 Remark. If h(f) =0 (in particular, if f is nonchaotic) then for any infinite
w-limit set w ¢(x) and for any n, there is always a system .7 of 2" closed
periodic intervals of period 2" covering #(x) (cf. [14]) but (2.1) may be false
even in the case when every .#, is a minimal periodic cover of period 2".

In this case, however, ﬂ:‘;,(Uj;) has a nonempty interior (see, e.g., proof
of Proposition 4.4 below) and when J is any interval contained in it then
fk(J) NnJ = for every k, since the sets J, f(J), ... ,f*(J) lie in disjoint
components of the set |J.7, for every sufficiently large n. Thus we have the
following

2.4 Corollary. Every nonstable map f € €(I,I), that is not chaotic, has a
wandering interval.

Note that also every chaotic map with zero topological entropy must have
wandering intervals (cf. [14]).

2.5 Corollary. If f e &°(I,I) is unimodal with h(f) =0 and with a nonflat
critical point (i.e., certain derivative of f is nonzero at the critical point) then f
is nonchaotic and stable.

This easily follows from Corollary 2.4 since the described map has no wan-
dering intervals (cf. [5]).

2.6 Remark. The converse statement to Corollary 2.4 is not true. It is easy to
find a map f € €(I,I) having only one periodic point—a fixed point a, with
wandering intervals converging to it. But the converse is false also in the case
when f has a wandering interval converging to an infinite - limit set (cf.
Example 5.6 in [14]).

2.7 Remark. The technique of blowing up orbits (cf., e.g., [6]) can be used to
create chaotic as well as nonchaotic nonstable maps. Let f: [0,1] — [0,1] be a
unimodal map with A(f) = 0, having a cycle of period 2", for every n. Then
f has a unique w-limit set—a Cantor-type set w f(x) (cf., e.g., [4]). Now take

an arbitrary a € w(x) and blow up its backward orbit B(a) = {y; f’ ‘) =a

for some i > 0}. In other words, replace every point in B(a) by a suitable
interval and compress the rest of the points in such a way that the resulting
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map f again belongs to #(I,I) with I = [0,1]. It is known [4] that B(a)
contains points interior relative to ¢(x). Let z be such a point. Blowing
up z gives an interval with end-points u < v, which clearly belong to w #(x).
It needs some considerations to show that ¥ and v cannot be separated by
disjoint periodic intervals of f. But this is equivalent to the condition that f
is e-chaotic with ¢ arbitrarily close to v — u (see [14] for details). Note that
this construction cannot give maps g with A(g) = 0 having infinite attractors
with isolated points (cf. [3]) which are chaotic, too [14].

If, on the other hand, f:[0,1] — [0, 1] is a nonchaotic map possessing an
infinite ®-limit set @ /(x), and if for some bew 7(x), the backward orbit
B(b) (which is always dense in w (X)) contains no points interior relative

to w,(x), then blowing up B(b) gives a nonchaotic map f (the property,
that every two points u# # v belonging to an infinite w-limit set of f can
be separated by periodic intervals, remains unchanged). But w j(x) does not

satisfy condition (ii) from Theorem 2.2 and consequently, f is nonstable. An
example of f with this property is the map g from the proof of Theorem
2.7(ii) in [14]: then w f(x) is the Cantor middle-third set and we can take, e.g.,
b=1.

2.8 Remark. Any map [ € %([0,1],[0,1]), nondecreasing in [0,a], non-
increasing in [b,1] and constant in [a,b] with a < b, which has periodic
points of period 2" for every n, is chaotic [9]. Such a map can be clearly
made to be from & .

However, when f is unimodal and sufficiently smooth, and if A(f) = 0,
then we believe that f is nonchaotic and stable. The proof of this statement
remains an open problem.

2.9 Remark. Let f e €(I,I) be nonchaotic. Then the w-limit sets of g = "
where m = 2", have small diameters if n is sufficiently large. This follows, e.g.,
from [14]. Using this it is possible to show that the class of stable nonchaotic
maps is dense in the class of nonchaotic maps from #(I,I). Theorem 2.2
then implies that, for a given ¢ > 0, the class 4, C Z(/,I) of maps having
all trajectories g-approximable by cycles, contains an open and dense subset of
the set of nonchaotic maps. Consequently, the nonchaotic maps are generically
stable.

3. PRELIMINARY RESULTS

First we recall certain known results that will be useful in the sequel.

3.1 Proposition (A. N. Sarkovskii). Let ¢ € €(1,1).

(i) For any u € Per(p)\ Per(¢) thereisa v € I such that w,(v) is infinite
and contains u .

(ii) Let ¢ have no cycle of period # 2" and let Q(p) be the set of nonwan-
dering points of ¢ (i.e., u € Q(¢) means that for every neighborhood U
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of u there is some n > 0 with ¢"(U)NU # @). Then Q(p) = Per(p)uAd
where A is a (countable) set consisting of points isolated in Q(p).

Proof. For (i) see [13], (ii) was proved in [11]. O
3.2 Remark. For any ¢ € €(I,1), the following conditions are equivalent.
(i) h(p)>0;
(ii) ¢ has a cycle of period not a power of 2;
(iii) ¢ has a horseshoe, i.e., there are closed intervals J,, J, C I with at
most one point in common, and an integer n > 0 such that

(3.1) p"(Jy)Ne"(J)) D J,uJ,.

The equivalence has been proved by Sarkovskii and Misiurewicz and com-
plete references can be found, e.g., in [14].

3.3 Proposition. Let ¢ € & (I,1) and let J,,J, be disjoint closed intervals

satisfying (3.1). Then ¢ is e-chaotic with ¢ = 3 dist{J,, J,}.

Proof. The result is implicitly contained in the proof of Theorem 1 in [7]. O
Next we prove some lemmas that will simplify the proof of Theorem 2.2.

3.4 Lemma. Let 9 € €(I,1), h(p) =0, let "' (p) = p for some p € Per(p)
and let m = 2. Set V= ¢2’" . Then there are no two points x,y € I with

(3.2) yp)<x<p<y<yx).
Proof. Assume there are x,y satisfying (3.2). First we find a point ¢ such
that

(3.3) w(g)<p<q=v@).

If w(y) =x and y = w(x), then ¢ = y has the required properties. If
v(y) < x or y < y(x) then there is the smallest z € (p,y] with w(z) = x.
It is easy to see that t//z(z) > z, and since wz(b) < b for b the right-hand
end-point of I, there is the least ¢ > z with y/2 (@) =gq.

Now for v € (z,q), w(v) # p. To see it assume the contrary. Then
wz(v) < v and since ylz(z) > z, there would be ://z(w) = w for some w €
(z,v) C (z,q9)—a contraction. Consequently, ¥(q) < p and since y(q) =p
would imply a//z(q) # g, we have proved (3.3).

Finally, by (3.3), g is a periodic point of ¢™ of order 4. Since h(p™) =0,
the even iterates of ¢ must be separated by the fixed point p from the odd
ones (cf. [2]), i.e., ™(q),9>™(q) <p < q,9p*™(q). But in our case, p>"(q) =
v(gq) < g—a contraction. 0O

3.5 Lemma. Let ¢ € €(I,I) with h(p) =0, andlet p(y) < x <y < ¢(x), for
some x,y. Then there is not fixed point of ¢ in [¢p(y),x]U[y,e(x)].

Proof. Denote by p a fixed point of ¢ lying between x and y, and assume
that e.g. ¢ has a fixed point g € [y, ¢(x)]. Set J, =[x,p], J, =[y,q]. Then
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9(J) D [p(r),41 2 J,uJ; and 9(Jy) D [p,9(x)] D Jy, 50 9*(Jy) D JyUJ,,
and this is a contraction by Remark 3.2(iii). O

3.6 Lemma. If 9 € €(I,I), h(p) =0, and J C I is a closed interval disjoint
with Q(p) then there is a 6 > 0 such that for any n > 1 and any x € J,
lo"(x) = x| > 4.

Proof. Assume there are points X, € J and integers n(k) > 0 such that
limx, = x, and lim|¢"(k)(xk) -x,| =0 for k > 00. Let § >0. Fixa k
with |x, —x,| < 8/2 and |¢"®(x,) —x,| < 8/2, and set U = (x,—6,%x,+9).
Then ¢"(k)(U) NU # @, ie., x, € Q(¢) and this is impossible since clearly
X, €J. O

Before stating the next lemmas, some terminology and notation is needed.
For ¢ € €(1,I) and ¢ > 0, a J-chain is any finite or infinite sequence {x,}
of points from / with |p(x;) — x,,,| < for every i. We say that x can be
chained to y, if for any J > O there is a finite d-chain with the first term x
and the last term y.

Define v,(p) as the minimal number with the property that for any & > v,(¢)
thereisa § > 0 such that for every d-chain {x,}° , limsup, , X, —x;| <e.

Moreover, let M(p) be the set of x € I, for which there is some y € I with
p()<x<y<oelx) or ¢(x)<y<x<o(y)
and such that ¢(x) can be chained to y and ¢(y) to x.

3.7 Lemma. Let 9 € €(I,I). Then v,(9p) =sup{|o(x) - x|; x € M(p)}.
Proof. The “ > part is trivial. To prove the converse inequality, we may as-

sume v,(¢) > 0. By the definition of yy(¢), for any k = 1,2,... thereisa
1/k-chain {x{}%, with
(3.4) Ixk | —x¥| <vy(p)+ 1/k forany i

and such that limsup l)cf‘+l - xf| > yy(p) — 1/k. Let (uk,vk) eI’ bea

limit point of the set {(x\,x);lx  —x¥| > vy(p) — 1/k}, and let (u,v) be

a limit point of {(u*, vk)},;“;l . Then clearly

i—00

(3.5) p(u)=v,
(36) ju =] = v(9).
Hence to finish the proof it suffices to show that
(3.7 ue Mp).

Assume for simplicity that, e.g., ¥ < v. For any d > 0 choose k = k(J)
and s = s(d) such that 1/k <J, and |uk—u| <d, |vk—v| <d, Ixf—ukl <d,
- vkl <. If ¢ is taken to be less than (v — u)/4, then we have xskJrl >

k
X1

u + 26 , and so there is the maximal m = m(d) > s+ 1 with x;‘ >u+20 for
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j=s+1,...,m. Put z(d) =x,':,, and let z be a limit point of z(d) for

0 — 0. We have z > u and by the maximality of m, ¢(z) < u. By (3.4),
z—9¢(z) <y (), hence (3.6) gives z < v. Thus ¢(z) <u <z < p(u). Clearly
@(z) can be chained to ¥ and ¢(u) to z, and (3.7) follows. O

For 9 € #(1,1) denote v(p) = inf, v,(¢").
3.8 Lemma. Let ¢ € Z(1,1) with h(p) =0, and let Theorem 2.2(ii) be satisfied
Jor f replaced by ¢ . Then v(p)=0.

Proof. Assume v(¢) > 0. Then by Lemma 3.7, for any n = 2% there is some
x, € M(p") such that

(3.8) 9" (x,) — x,| > v(9)/2.

We may clearly assume that there is an increasing sequence {n(i )}:.’:l of powers
of 2 with Xpiiy < ¢"(i)(xn(i)) , i=1,2,... (for the converse inequality the proof
is similar). By the definition of M(p™"), there is Yu(iy Such that ¢"(i)(yn(i)) <
Xy < Vugiy S ¢("(i)(xn(i)) , 50 " has a fixed point Puiiy € (ugiys Yu@i)) » for

every i. We may clearly assume that {pn(,.)}f: , converges monotonically to
some u (if not, take a subsequence). Consider the following two cases.

Case a. Py \\ # for i — co. Since by Lemmas 3.4 and 3.5,

n(i+1

)
(3.9) Py 3 (xn(i+|) 9 (xn(i+l)))
we have
n(i+1)
(3.10) Puiivt)y <Vniiz1y < @ (xn(i+1)) < Py
hence ¢"(x, ;) \ u = limp,,. In view of (3.8), u € (x,,,0""(x,))

for every large i, hence by Lemmas 3.4 and 3.5, u ¢ Per(p). Thus u €
Per(¢)\ Per(¢) and by Proposition 3.1(i) there is some v such that a)¢(v) is
infinite and contains ». By Theorem 2.2(ii) there is a periodic interval U of
period 2* and such that » € U and the length of U is less than v(p)/2.

If u is the right-hand end-point of U, then by (3.8), U C (Xp(iy > #) C
(xn(,.) , (o”(i) (xn( i))) for every large i. But U contains a periodic point of period
2k , .., a fixed point of every such (p"m , contrary to Lemmas 3.4 and 3.5.

So assume U contains a right-hand neighborhood of . Then by (3.10), for
large i, (y"(i),qa"(') (X,;))) C U, and U is invariant with respect to 0" hence
we get (p"") i) » (o"(i)(xn(i))) c U, contrary to (3.8) since the length of U is
less than v(gp)/2.

Case b. Let p,, / x. Then (3.9) implies p,, < ¢"(i+l)(yn(i+l)) < Xpign <

Ppivy) and similarly as in the preceding case we obtain a periodic interval U of
the length less than v(¢)/2, with u € U, and consequently, a contradiction. O
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4. PROOF OF THE MAIN RESULT

4.1 Proposition. Let f € €(I,I) have zero topological entropy. Then the fol-
lowing conditions are equivalent:

(i) Per(f) is nowhere dense;
(i) Per(f) is a first category set,
(iii) Per(f) contains no interval.

Proof. (ii) = (i): Assume Per(f) is dense in an interval J. Choose periodic
points p,q € J, p < q, and let their periods be less than m = 2¥ . Then
f™(p,q)) =[p,q]. Indeed, by Lemma 3.4, for any r € [p,g]NPer(f) we have
S™(r) €[p,q], and the rest follows from the density of Per(f) = Per(f™) in
[p,q], since f™ is continuous.

Thus the restriction g of /" to [p,q] isamap [p,q] — [p,q] with h(g) =
0 and Per(g) dense in the domain. By [1], g is a homeomorphism which has
no periodic points of periods other than 1 or 2. This means that Per(g) is a
closed set and consequently, Per(g) =[p,q] = Per(f)N[p,q], i.e., Per(f) is a
second category set.

The implications (iii) = (ii) and (i) = (iii) are trivial. O
4.2 Proposition. If f € & (I,I) with h(f) =0, v(f) =0 and Per(f) nowhere
dense, then f is nonchaotic and stable.

Proof. Let ¢ > 0. Since Per(f) is nowhere dense and 4(f) = 0 by Proposition
3.1(ii) there are closed intervals J,,...,J, such that Q(f)NnJJ;, =9 and

the length of U is less than ¢/3 for any connected component
U of NUJ,.

Let &, be the minimum of the lengths of J;,. By Lemma 3.6 there is , > 0
such that

(4.2) If"(x)—x|>6, forxel|JJ.

(4.1)

Let ¢, = min{e, ,&/3}. Choose n =2" such that v (f") <¢,, and let &, >0
be such that sup|x, , — x;| < &, for every J,-chain generated by f". Let
d, = min{d,,d,} . Since the operator of creating the nth iterate is continuous
in €(I,1), for every g € (1,I) sufficiently near f we have

(43) 11" = g"l <8,

Fix such a g, andlet x € I. Then {g’ "(x)}72, is clearly a d,-chain gener-

ated by f". Hence |g’"(x)—g""""(x)| < ¢, forevery j . Let lim inf;_, g"(x)

= a, lim sup; ., gj"(x) = B. To finish the proof it suffices to show that
B —a < & (since the remaining inequalities can be obtained when x is replaced
by gi(x) ,i=1,2,...,n—1). Assume the contrary. Then by (4.1) there is a
closed interval J C (a, 8)N{JJ; of the length larger than ¢,. From (4.2) and
(4.3) we have |y — g"(y)| >0 forevery ye J. Ifeg. g'(y) <y for yeJ,
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then there is some j with gv(x) < gV (x) and J c (" (x),g" """ (x)).
Thus |gY*""(x) - g’"(x)| > &,—a contradiction. O

4.3 Proposition. Let fe &(I,1). If Per(f) contains an interval then f is not
stable.

Proof. Let Per(f) contain an interval J. Since Per(f) =J;-, Fix(f") where
Fix(f) is the set of fixed points of f, and since every Fix(f") is closed, there is
the smallest m > 1 such that Fix(f™)\U,.,, Fix(f") contains a closed interval
K =[a,b)c J. Clearly K is periodic since it consists only of periodic points
of period m. Since f™(x) = x for every x € K, and since f is continuous,
f must be strictly monotonic on K, i.e., K is a homterval of f. Fix some
0 >0. Let g € Z(I,I) be defined by g(x) = f(x) for x ¢ (a,b). For
x € (a,b), let g be such a perturbation of f that |f —g|| <& and g" i
topologically transitive in K (i.e., g” has a trajectory dense in K ; a similar
construction, for m = 1, is given in [15]). Then for any disjoint closed intervals
K,,K, C K, containing a and b, respectively, and for some k, we have
g™k )N gk'”(Kb) D> K,UK,. Since K,,K, can be choosen arbitrarily small,
by Proposition 3.3 g is e-chaotic with ¢ = (b — a)/3, no matter how small J
is. O

4.4 Proposition. Let f € & (I,I). The condition (ii) of Theorem 2.2 is necessary
Sor the stability of f .

Proof. Assume that condition (ii) is not satisfied. We may clearly assume that
h(f) = 0 since otherwise, by Remark 3.2 and Proposition 3.3, f is chaotic and
hence nonstable. Keeping the notation from Theorem 2.2, set 4 =72 (U-%,).
If int4 = O then A4 is the w-limit set of x. Indeed, let O(y) be a neigh-
borhood of some y € 4. Since 7, 3 U<, for any sufficiently large n
there is an index i(n) such that y € In C O(y) . Moreover, since @ f(x) is
clearly infinite and @ (x) c J.#,, there is some k(n) with fk (")(x) eyUs,
and hence by the periodicity of .# , f*"(x) e I, M for some s(n). Takmg
n—oo wegetyew/(x).

Thus we have provcd that int4 # &. Let J be a maximal closed interval
contained in A. For i # j we have f'(J)n f/(J) = @ since f'(J), f/(J)
belong to different components of |J.#, for any sufficiently large n (e.g., for
n>i+j). Let ¢ =diam(J) and let § > 0. Choose i,n such that

(4.4) diam(I') <6 and diam(f(I})) < 4.

Let J C I’ and let m > 0 be such that f™(I) = I' . Now we choose closed
intervals J,,J, C I’ such that dist{J,,J,} > /2 and U, = f™(J,), U, =
f ’"(Jl) are intervals (nondegenerate). Such a choice is clearly possible if ™
is nonconstant near the end-points of I,{ . Otherwise we replace f by a little
perturbed map f changing f suitably on the intervals I,{ , [ (I,{), S (I,{)
in such a way that ||f - f|| < 4.
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Now define g € €(I,I) by g(x) = f(x) for x ¢ I,'; and let g(U,) =
gl = g(I,’;) = f(I,';) . From (4.4), || f—g|| < . It is easy to see that, for r =
2", we have g'(J,) = g "(U,) = I’ > J,u J, and similarly g'(J,) > J,UJ,.
By Proposition 3.3, g is é-chaotic for é = ¢/3 = (diam J)/3, no matter how
small § is. O

4.5 Proof of Theorem 2.2. Let the assumptions be satisfied. Then f is stable
by Lemma 3.8, Propositions 4.1 and 4.2. If condition (i) is not satisfied then
by Propositions 4.1 and 4.3, f is not stable. The necessity of (ii) follows from
Proposition 4.4. 0O
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